The stability of critical values of a functional under small perturbations is investigated. There are considered critical values of maximum-minimum type of functionals which are related to boundary value and cigenvalue problems for semil inear elliptic partial differential equations.
Introduction
In this paper we will deal with critical values of mAYimllm-mininlum type of functionals which arise in the study of boundary value and eigenvalue problems for semilinear elliptic partial 
KEK uEK where X is a suitable class of subsets of X, under certain assumptions is a critical value of 4'.
Analogously one investigates critical values of the restriction of a functional 4' to a certain subset M of X. We will study perturbation problems of the following kind:
Let c, defined according to (1) , be a critical value of 4 '. Given e> 0, is there a critical value c of the functional I = ++'P such that c € (c-e,c+e), provided the functional 'P is, in a certain sense, sufficiently small?
We will study this perturbation problem for free local extresna (minima, maxima, critical values of mountain pass type) and for critical values of the restriction of a functional to a Banach manifold M in X using Ekeland's variational principle and the so-called deformation theorem,
respectively. The use of these techniques is essentially based on the Palais-Smale condition (PS) or on the local Palais-Smale condition (PS)c at level c (cf. Subsection 2.2). Because of this, the following stability problem for the Palais-Smale condition will play an important role in our investigations:
Let .1 satisfy the Palais-Smale condition (PS) (reap. (PS). ). Does the functional C = + T satisfy the Palois-Smole condition (PS) (reap. (PS) for all c E (c -e, c + e)) if the functional T is, in a certain sense, sufficiently small?
Perturbation problems of the above kind have been treated in [4, 8] . There are studied critical values of the restriction of ' to a subset M which is bounded and hoineomorphic to the unit sphere by the radial projection mapping (for other perturbation results for critical values of functionals we refer to [1, [5] [6] [7] ).
In the present paper we are able to treat a wider class of problems, since we study critical values of the restriction of to a Banach manifold M in X not necessarily homeomorphic to the unit sphere in X. This is done in Section 2, especially in Subsection 2.4, which is our main result in the application to semilinear elliptic partial differential equations. Furthermore, the investigations of the examples in Subsection 1.2 and 1.4 with respect to the perturbation problem is new.
In Section 1 we investigate free local extrema, especially minim p, maxima, and critical values of mountain pass type. In Section 2 we consider critical values under smooth side conditions. The theorems in Section 1 and 2 aim to the application to boundary value and eigenvalue problems for semilinear elliptic partial differential equations. Equally, all examples are concerned with such problems. Subsection 2.5, including the Example to Theorem 4, is based on [4] .
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Notation
For a Banach space X we denote the dual space by X' and the value of f € X' at u € X by (f,u). Strong convergence (resp. weak convergence) in X will be denoted by -(resp. K (resp. N) denotes the set of all real numbers (resp. positive integers). If a, b E it, then (a,b) = {z E K I a < x < b} and (a,b] = {z E R a < z b}.
Let 'I' X -' it be a functional on X. Then, € C'(X,R) means that 41 is continuously certain values of a constant.
Free local extrema
In this section we consider functionals 4' € C'(X,R), where X is a real Banach space. We use the notation critxI = {u E X I 4"(u) = 0, 4'(u) = c}, c € R.
4' is said to satisfy the Palais-Smale condition if the following holds:
(PS) Each sequence (u,,,) in X such that '1(u,5 ) is bounded and 4"(u,5 ) -* 0
as in oo has a convergent subsequence.
Minima and maxima
We suppose the following assumptions:
(Al) X is a real Banach space, I E C'(X,R).
(A2) 4' is bounded below on X; c = UEX 4'(u).
The following result is an immediate consequence of Ekeland's variational principle. For the proof we refer to [3] . We have the following perturbation result. 
where s<r<(n+2)/(n-2)ifn>2 and i<rifn=1,2. To simplify our formulas we here and in the following write f1. P(z, u) dz instead of fn P (z, u(z)) dz. Furthermore, we set
It is our aim to prove that 4' and S satisfy all assumptions of Theorem 1. For this, after the following remarks, we formulate two lemmas. 
Critical values of mountain pass type
In this subsection we assume:
(BI) X is a real Banach spa, I € C'(X,R). Our perturbation result reads as follows. In the following, using the setting of the Example to Theorem 1, we give an application.
An example to Theorem 2
We consider functionais on W01,2(n) of the type
To this end, we add to (P1), (P2) in the Example to Theorem 1 the following assumptions: 
for all a € a.
Let S be as in the Example to Theorem 1, and consider the following functionals on W01'2(0):
Now, it 18 our aim to prove that 1 and S satisfy all assumptions of Theorem 2. For this, after the following remarks, we premise a lemma. rasp.
--Au -p(a,u)+q(a,u) = 0 in fl, u = 0 on Ofl.
2) Cf. Remark 2) before Lemma 1. 3) Under our assumtions Lemma 1 stays true if we make the change (T'(u),v)= -f0p(z,u)vdz. Indeed, the validity of (P1)., (P2) was proved in Lemma 2. To verify (P4) we choose an arbitrary number p. E (2,p).
(,t)EOxR /
Since p> 2, there is an ru) > 0 such that pP(xi) > 0 for It l ii) From (4) it follows that there exists r 1 2) > 0 such that for all iti ^! r it holds
(z,t)EOXR
Hence,
p.P(z,t) -p.Q(x,t) + tq(z,t) :5 p.P(x,t) + p .IQ( x , t )i + itIIq(x,t)I ^ p.P(x,t) + (p. + 1)t sup q(z,t) (x,t)E(xR (2)
< pP(x,t) and using (P4) we obtain for I tl ^! r•
p.P.(x,t) = p.P(x,t) -p.Q(x,t) pP(z,t) -tq(x,t) < tp.(x,t).
If we set r. = may {ru,ru3 }, then from i), ii) it follows 0< p.P.
(z,t) !^ tp.(x,t) for all
Itl ^! r. and x E Il. b) We show that each sequence (u,) C W'1.2 (fl ) such that 1 1 .(u )I < M < oo for all m e N and E(um) -0 as m -co is bounded. In fact, using (P1), (P2)., and (P4) we get for all m in0 , trio sufficiently large: 
If we choose e E (o, Ccl), then there are positive constants R and a suchhat (1/2-Ci e/2)R2 -C1 AR'' a. For u € W'2 (fl) with h u ll = R relation (7) yields (u) a.
(B3): Obviously it holds 1(0) = 0 < a. Let u € W(fl) be arbitrary such that u 0.
Then for all t € B. we have
where we did use (4). Because of p > 2 it follows l(tu) -+ -oo as Itl -oo, and (B3) is satisfied.
Perturbation of local extrema with smooth side conditions
In this section we consider the perturbation of critical values of functionals which are restricted to manifolds. First of all we state an abstract perturbation principle.
General perturbation principle for critical values of mjirimum-minimum type
Let us consider a real Banacli space X and a functional '1 : M C X -. K. For a fixed real number c we denote by critM, '1 a certain subset of M (in our applications this will be the set of critical points of the restriction of the functional '1 to the manifold M).
We now formulate the following hypotheses. (ii) The sequence (A(Urn')) is bounded because of (C3) and c), hence there is a further subsequence (u&') ç (u&) such that .X(u&' ) -as rn" -* 00. It holds A0 0. Otherwise, because of 4"(urn") = 'F'(V,n) -)t(tLrnu)T'(urn') , 3'(Urn") -, 0 as rn" -+ 0° and the boundedness of (T'(u,,,.)) (by (C4)), Ao = 0 would imply 4"(urnu) -0 as in" -oo, which is a contradiction to 4"(uO ) 3 6 0. 
For rn" sufficiently large it holds T'(um") = A(umsi)'(4"(urn's)-'(urn")), and from c) and -* 0 as in1' -400 it follows that the sequence (T'(u&' )) is convergent. Hence um,, -

b) T' satisfies (S)1.
c) 4" is strongly continuous on X.
e) 5 is apositive real number such that <r.
f) 'I' E C'(X,R) has a strongly continuous derivative 'I", and it holds for all u E
Then, it holds:
1) The functional 4' satisfies (PS)c for every c € (c1, c2).
2) The functional 4'. = 4' + 'I' satisfies (PS) for every c € ( Cl + 5,c2 -5).
Proof: 1) follows immediately from Lemma 5. As an application of Theorem 3 we consider the following example.
2) We show that the perturbed functional I. satisfies the assumptions of
An example to Theorem 3
Let fl C R', n < 3 and X = W(f) as in the Example to Theorem 1. We consider the following functionals on
where 0< q < 6, o E R, P(z,t) = fp(z,z)dz for (z, t) € 11 R and p satisfies (P1), (P2) (of.
Example to Theorem 1). The number A in the functional r will be specified below. To show that Theorem 3 applies to this example, after the following remark, we premise three lemmas.
Remark:
If we assume that the assumptions of Theorem 3 are fulfilled, then u € critM,I
resp. U E crltM C. I. is a weak solution of the eigenvalue problem
resp. p(_1u_Au-4-u3)=uIuI_2+ap(z,u) mfl,u= Oon Of) .
We consider the linear eigenvalue problem -Au=Au. (17) It is well known that (17) possesses a sequence of eigenvalues (Am) with 0 < A < A2 ... and
Am -+00 as m -i 00. For the parameter A in 1' we assume
Before we choose the number a we prove
Lemma 10: The functional T is bounded below on W"2 (t1) and infEwi2(fl) T(u) < 0.
Proof: a) Using the Holder inequaltity and the Sobolev imbedding W'2 (a) -L4 (fl) we get the inequality
is bounded below on W'2(fl).
b) Let ü be an eigensolution of (17) to the first eigenvalue A1 , hence ü E W01'2(rl), i 0 0, fn I V612dz = A1 fn 6 2 dz. We study the functional T along the one-dimensional subspace span{i}. For t E B. we set v(t) = T(tü) = At4 + Bt2, where
From (18) it follows B < 0, consequently there is a to E B. such that v(to) < 0. Hence
Now, we choose a number a such that ml T(u)<a<0. It will be important that we know the exact number of critical points of T:
Lemma 12: For .A E (A02 ) the equation V(u) = 0 has exactly three solutions 0, u, -u1
in W'2 (), where u1 36 0 and T(ui ) = T(-ui) = iflfuEwi.2(0) T(u).
For the Proof, which uses the theory of proper nonlinear Freciliolm operators, we refer
to [2]u
Now, for the Example to Theorem 3 it is our aim to show that all assumptions (Dl) - (D6) are satisfied. For (Dl) and (D2) this can be shortly done.
(Dl) follows from Lemma 11. So, (Dl) -(D6) are fulfilled and we have shown that Theorem 3 applies to our example.
Finally, we will prove that we can choose the number a-in the functional 12 in such a way that the condition i'(u)i + ii'(u)ii < 5 for all u E 111 is fulfilled. Note that, by Lemma 11, ' E C1 (W 2 (0) , B.) and 'P is strongly continuous independent of a € R.
Lemma 14: For the functional 'P given above there exists a number 00> 0 such that for a with 101 < a0 it holds l'P(u)i + ii'P'(u)ii <5 for all u € A. 
Since k is bounded from a) and b) there follows the existence of a number ao > 0 such that l'(u)l <5/2 and ll'"(u)ll <5/2 for all u E k Remark: The set M consisered in our example is not homeomorphic to the unit sphere in W'2 (a). To see this, we prove that M consists of at least two connected components. Let ü be an eigensolution of (17) to the first eigenvalue A, and let E = {u E W 2 (t1) : (u, ü) = 0} be the hyperplane in W'2 (t1) which is orthogonal to ü. We have, by the variational characterization of the eigenvalues of (17), lVu1 2 dz >-X2 fn u2 dz for all u E E. Hence, using (18), for u € it follows
Since a <0 it holds MflE = 0. On the other hand, if u1 is the element from Lemma 12, each of the opposite rays {tuj : t> 0} and {tuj : t < 01 meets M at least in one point, by the continuity of T and (20). Hence M has at least two connected components.
Functionais on bounded level sets II
(El) X is a real Hilbert apace, + E C1(X,R). We consider the functionals 4' and 'P from the Example to Theorem 3 under the assumption 1< q <+ 00 if n 2and 1< q < 2n/(n-1)ifn>2. It is our aim to prove that all assumptions of Theorem 4 for our example are fulfilled. Finally, we remark that the assertions of Lemma 11 for 4' and 'P are valid and that Lemma 14 is also true under the setting of this example.
18'
